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Generalized Fesenko reciprocity map
Kaˆzım I˙lhan I˙KEDA and Erol SERBEST
Abstract
In this paper, which is the natural continuation and generalization of
[1, 2, 3] and [8], we extend the theory of Fesenko to infinite APF -Galois
extensions L over a local field K, with finite residue-class field κK of
q = pf elements, satisfying µp(K
sep) ⊂ K and K ⊂ L ⊂ Kϕd where the
residue-class degree [κL : κK ] = d. More precisely, for such extensions
L/K, fixing a Lubin-Tate splitting ϕ over K, we construct a 1-cocycle,
Φ
(ϕ)
L/K
: Gal(L/K)→ K×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0 ,
where L0 = L ∩K
nr, and study its functorial and ramification-theoretic
properties. The case d = 1 recovers the theory of Fesenko.
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Let K be a local field (that is, a complete discrete valuation field) with finite
residue-class field κK of q = p
f elements. Assume that µp(K
sep) ⊂ K. Fix a
Lubin-Tate splitting ϕ over K (cf. [10]). In [1, 2, 3], Fesenko introduced a very
general non-abelian local reciprocity map
Φ
(ϕ)
L/K : Gal(L/K)→ U
⋄
eX(L/K)/YL/K
defined for any totally-ramified infinite APF -Galois extension L/K satisfying
K ⊂ L ⊂ Kϕ, which generalizes the previous non-abelian local class field the-
ories of Koch-de Shalit [10] and Gurevich [7]. In [8], we have studied the basic
functorial and ramification-theoretic properties of the reciprocity map of Fes-
enko.
In this paper, which is the natural continuation and generalization of [1, 2, 3]
and [8], we extend the theory of Fesenko to infinite APF -Galois extensions L/K
satisfying K ⊂ L ⊂ Kϕd where the residue-class degree [κL : κK ] = d. More
precisely, for such extensions L/K, we construct a 1-cocycle,
Φ
(ϕ)
L/K : Gal(L/K)→ K
×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0,
where L0 = L ∩Knr, and study its functorial and ramification-theoretic prop-
erties. Note that, the case d = 1 recovers the theory of Fesenko.
The organization of this paper is as follows. In the first section, we briefly
review the necessary background material from Fontaine-Wintenberger theory
of fields of norms. In the second section, we introduce the generalized Fesenko
reciprocity map Φ
(ϕ)
L/K of an extension L/K, which is an infinite APF -Galois
1
extension satisfying K ⊂ L ⊂ Kϕd where the residue-class degree [κL : κK ] = d,
and study its functorial and ramification-theoretic properties.
The material and results of this paper play a fundamental role in our con-
struction of non-abelian local class field theory [9], which generalizes Laubie
theory [11] as well.
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Notation
All through this work, K will denote a local field (a complete discrete valuation
field) with finite residue field OK/pK =: κK of qK = q = p
f elements with p
a prime number, where OK denotes the ring of integers in K with the unique
maximal ideal pK . Let νK denote the corresponding normalized valuation on
K (normalized by νK(K
×) = Z), and ν˜ the unique extension of νK to a fixed
separable closure Ksep of K. For any sub-extension L/K of Ksep/K, the nor-
malized form of the valuation ν˜ |L on L will be denoted by νL. As usual, we let
Knr to denote the maximal unramified extension in Ksep, and K˜ denotes the
completion of Knr with respect to νKnr . Fix a Lubin-Tate splitting ϕK = ϕ
over K. The fixed field of the Lubin-Tate splitting ϕ is denoted by Kϕ. Finally,
let (πE)K⊂E⊂Kϕ be the canonical sequence of norm-compatible prime elements
in finite sub-extensions E/K in Kϕ/K. This determines a unique Lubin-Tate
labelling over K (cf. paragraph 0.2 of [10]).
1 Preliminaries on Fontaine-Wintenberger field
of norms
For a brief review of APF -extensions and Fontaine-Wintenberger field of norms,
we refer the reader to [8], and for detailed proofs to [5, 6, 12].
Let L/K be an infinite Galois arithmetically profinite (in short APF ) exten-
sion such that the residue-class degree [κL : κK ] = d and K ⊂ L ⊂ Kϕd ; that is,
in the terminology of Koch-de Shalit in [10] and Laubie in [11], L is compatible
with (T, ϕ), where T denotes the intersection field L ∩Kϕ. Note that, T/K is
in general not a normal extension! Denote by L
(K)
0 = L ∩K
nr = Knrd . If there
is no fear of confusion, denote L
(K)
0 simply by L0. So, there is the following
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diagram :
Ksep
Kϕd
Knr
pppppppppppppppppppppppppppp
L
ppppppppppppp
Kϕ
Knrd
ppppppppppppp
T
pppppppppppppp
K
pppppppppppppp
Remark 1.1. Note that, ϕ′ = ϕd is a Lubin-Tate splitting over L0 = K
nr
d . Thus,
by Proposition 1.2.3 of [12] or by Lemma 3.3 of [8], L/L0 is an infinite totally-
ramified APF -Galois extension satisfying L0 ⊆ L ⊆ (L0)ϕ′ . Thus, Fesenko
theory, developed in [1, 2, 3] and [8], works for the extension L/L0.
Since L/T is an unramified extension, we have the following lemma.
Lemma 1.2. The field of norms X(L/L0) is an unramified extension of the
field of norms X(T/K).
Proof. In fact, there exists a natural isomorphism X(L/L0)
∼
−→ X(L/K) which
identifies X(L/L0) and X(L/K) (cf. section (5.6) of Chapter III of [4]). Now,
X(L/K) is a Galois extension of X(T/K) with corresponding Galois group iso-
morphic to Gal(L/T ) (cf. [8] and [12]). As κX(L/K) ≃ κL and κX(T/K) ≃ κT , it
follows that
[κX(L/K) : κX(T/K)] = [X(L/K) : X(T/K)],
as L/T is an unramified extension, which proves that X(L/K) is an unramified
extension of X(T/K).
Now, as the Lubin-Tate splitting ϕ over K is fixed, the unique element
Πϕ;T/K = (πE)K⊂E⊂T ∈ X(T/K) is a canonical prime element of the local field
X(T/K). Thus, in view of Lemma 1.2, Πϕ;T/K is a prime element of X(L/L0)
as well. Moreover,
Lemma 1.3.
Πϕ;T/K = Πϕ′;L/L0 . (1.1)
Proof. In fact, for the Lubin-Tate splitting ϕ′ = ϕd over L0 = K
nr
d , there
exists a unique element (πL0E)L0⊂L0E⊂L0T=L ∈ X(L/L0). As L0E/E is an
unramified extension, it follows that πL0E = πE for each K ⊂ E ⊂ T . Thus,
eq. (1.1) follows.
The completion X˜(L/K) of the maximal unramified extension X(L/K)nr
of the field of norms X(L/K) is identified with the field of norms X(L˜/K˜) =
X(L˜/L˜0).
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2 Generalized Fesenko reciprocity map
The main references for this section are [1, 2, 3] and [8].
Fix a Lubin-Tate splitting ϕK = ϕ over K. The aim of this section is to
generalize the reciprocity map Φ
(ϕ)
M/K of Fesenko, cf. [1, 2, 3] and [8], defined for
infinite totally-ramified APF -Galois extensions M/K satisfying K ⊂ M ⊂ Kϕ
to infinite APF -Galois extensions L/K with residue-class degree [κL : κK ] = d
and satisfying K ⊂ L ⊂ Kϕd . We shall keep the notation introduced in [8] and
introduced in the previous section in what follows.
Recall that, for the extensionM/K as above, the diamond subgroup U⋄eX(M/K)
of the group UeX(M/K) of units of the ring of integers of X˜(M/K) is defined by
U⋄eX(M/K) = Pr
−1
eK (UK) ,
where Pr eK : UeX(M/K) → U eK denotes the projection map on the K˜-coordinate
of UeX(M/K). More generally, for a given infinite APF -Galois extension L/K
with residue-class degree [κL : κK ] = d and satisfying K ⊂ L ⊂ Kϕd , define the
diamond subgroup U⋄eX(L/K) of the group UeX(L/K) of units of the ring of integers
of X˜(L/K) = X˜(L/L0) naturally as follows.
Definition 2.1. U⋄eX(L/K) is the subgroup of the group UeX(L/K) of units of the
ring of integers of the local field X˜(L/K) whose K˜ = L˜0-coordinate belongs to
UL0 . That is,
U⋄eX(L/K) = U
⋄
eX(L/L0).
Now, as a first step, we shall generalize the arrow φ
(ϕ)
M/K defined for the
extensions M/K, where M/K is a totally-ramified APF -Galois extension sat-
isfying K ⊂ M ⊂ Kϕ, of Fesenko theory, which has been described in [1, 2, 3]
and in detail in Section 5 of [8], to infinite APF -Galois extensions L of K
with residue-class degree d and satisfying Knrd ⊂ L ⊂ Kϕd and construct the
generalized arrow φ
(ϕ)
L/K for such extensions L/K as follows. There exists an
isomorphism
Gal(L/K)
∼
−→ Gal(L0/K)×Gal(L/L0) (2.1)
defined by
σ 7→ (σ |L0 , ϕ
−mσ), (2.2)
for every σ ∈ Gal(L/K), where σ |L0= ϕ
m for some 0 ≤ m ∈ Z.
Remark 2.2. (i) Let M/K be a Galois sub-extension of L/K. Let M0 =
M ∩Knr. Then, the following square
Gal(L/K)
resM

∼
// Gal(L0/K)×Gal(L/L0)
(resM0 ,resM )

Gal(M/K)
∼
// Gal(M0/K)×Gal(M/M0)
is commutative. Now, for σ ∈ Gal(L/K), there exists 0 ≤ m,m′ ∈ Z such
that σ |L0= ϕ
m and (σ |M ) |M0= ϕ
m′ . Thus, ϕm |M0= ϕ
m′ |M0 and the
identity (ϕ−mσ) |M= ϕ−m
′
(σ |M ) is satisfied.
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(ii) Let F/K be a finite Galois sub-extension of L/K. Let L
(K)
0 = L ∩ K
nr
and L
(F )
0 = L ∩ F
nr. Then, the following square
Gal(L/F )
inc.

∼
// Gal(L
(F )
0 /F )×Gal(L/L
(F )
0 )
(res
L
(K)
0
,inc.)

Gal(L/K)
∼
// Gal(L
(K)
0 /K)×Gal(L/L
(K)
0 )
is commutative. Now, for any σ ∈ Gal(L/F ), there exists 0 ≤ m,m′ ∈ Z
such that σ |
L
(F )
0
= ϕmF and σ |L(K)0
= ϕm
′
K . Thus, ϕ
m
F |L(K)0
= ϕm
′
K and the
identity ϕ−mF σ = ϕ
−m′
K σ is satisfied.
Now, by Proposition 1.2.3 of [12] or by Lemma 3.3 of [8], L/L0 is a totally-
ramified APF -Galois extension with L0 ⊂ L ⊂ (L0)ϕ′ , where ϕ′ = ϕd is a
Lubin-Tate splitting over L0 by Remark 1.1. Thus, define the map
φ
(ϕ)
L/K : Gal(L/K)→ K
×/NL0/KL
×
0 × U
⋄
eX(L/K)/UX(L/K) (2.3)
by
φ
(ϕ)
L/K(σ) :=
(
πmK .NL0/KL
×
0 , (u eE).UX(L/K)
)
, (2.4)
where σ ∈ Gal(L/K) such that σ |L0= ϕ
m, for some 0 ≤ m ∈ Z, and U =
(u eE) ∈ UeX(L/L0) satisfies the equality
U1−ϕ
d
= Π
(ϕ−mσ)−1
ϕ′;L/L0
, (2.5)
where Πϕ′;L/L0 is the canonical prime element of the local field X(L/L0), which
is the canonical prime element Πϕ;T/K of the local field X(T/K) by Lemma 1.2
and by Lemma 1.3. Thus, (2.5) can be reformulated by
U1−ϕ
d
= Πσ−1ϕ′;L/L0, (2.6)
as Πϕϕ;T/K = Πϕ;T/K . Moreover, the solution U =
(
u eE
)
∈ UeX(L/L0), which is
unique modulo UX(L/K), satisfies PrL0(U) = ueL0 ∈ UL0 . In fact, by Lemma
1.3, PrL0(Πϕ′;L/L0) = πK , and therefore PrL0(Π
σ−1
ϕ′;L/L0
) = πσ−1K = 1K . Hence,
PrL0(U
1−ϕd) = PrL0(Π
σ−1
ϕ′;L/L0
) = 1K yields u
1−ϕd
eL0 = 1K , that is ueL0 ∈ UL0 as
L˜0 ∩ (L0)ϕ′ = L0. Now, it follows that, PrL0(U) = ueL0 ∈ UL0 . Thus, U = (u eE)
belongs to U⋄eX(L/K), by Definition 2.1.
Remark 2.3. We can reformulate the definition of the generalized arrow
φ
(ϕ)
L/K : Gal(L/K)→ K
×/NL0/KL
×
0 × U
⋄
eX(L/K)/UX(L/K)
for the extension L/K as
φ
(ϕ)
L/K(σ) =
(
πmK .NL0/KL
×
0 , φ
(ϕ′)
L/L0
(ϕ−mσ)
)
for every σ ∈ Gal(L/K), where σ |L0= ϕ
m for some 0 ≤ m ∈ Z.
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There is a natural continuous action of Gal(L/K) on the topological group
K×/NL0/KL
×
0 ×U
⋄
eX(L/K)/UX(L/K) defined by abelian local class field theory on
the first component and by eq.s (5.5) and (5.7) of [8] on the second component
as
(a, U)σ =
(
aϕ
m
, U
ϕ−mσ
)
=
(
a, U
ϕ−mσ
)
, (2.7)
for every σ ∈ Gal(L/K), where σ |L0= ϕ
m for some 0 ≤ m ∈ Z, and for every
a ∈ K× with a = a.NL0/KL
×
0 and U ∈ U
⋄
eX(L/K) with U = U.UX(L/K). We
shall always view K×/NL0/KL
×
0 ×U
⋄
eX(L/K)/UX(L/K) as a topological Gal(L/K)-
module in this text.
Theorem 2.4. Let L/K be any infinite APF -Galois sub-extension of Kϕd/K
with residue-class degree d. Then the generalized arrow
φ
(ϕ)
L/K : Gal(L/K)→ K
×/NL0/KL
×
0 × U
⋄
eX(L/K)/UX(L/K)
defined for the extension L/K is an injection, and for every σ, τ ∈ Gal(L/K),
φ
(ϕ)
L/K(στ) = φ
(ϕ)
L/K(σ)φ
(ϕ)
L/K(τ)
σ (2.8)
co-cycle condition is satisfied.
Proof. The injectivity of the arrow given by eq. (2.3) and defined by eq. (2.4)
is clear from the canonical topological isomorphism defined by (2.1) and (2.2)
combined with abelian local class field theory and Theorem 5.6 of Fesenko in
[8]. To be precise, let φ
(ϕ)
L/K(σ) = (π
m
K , (u eE)) with d | m and (u eE) ∈ UX(L/L0) =
UX(L/K). As d | m, σ acts trivially on L0. Since (u eE)
ϕd−1 = (1 eE) = Π
σ−1
ϕ′;L/L0
,
σ acts trivially on the prime elements of finite sub-extensions between L0 and
L. Thus, σ is the identity element of Gal(L/L0). Now, for σ, τ ∈ Gal(L/K),
with σ |L0= ϕ
m and τ |L0= ϕ
n for some 0 ≤ m,n ∈ Z, following the alternative
definition of the generalized arrow φ
(ϕ)
L/K introduced in Remark 2.3,
φ
(ϕ)
L/K(στ) = (π
m+n
K .NL0/KL
×
0 , φ
(ϕ′)
L/L0
(ϕ−(m+n)στ))
=
(
(πmK .NL0/KL
×
0 )(π
n
K .NL0/KL
×
0 ), φ
(ϕ′)
L/L0
(ϕ−mσ)φ
(ϕ′)
L/L0
(ϕ−nτ)ϕ
−mσ
)
=
(
πmK .NL0/KL
×
0 , φ
(ϕ′)
L/L0
(ϕ−mσ)
)(
πnK .NL0/KL
×
0 , φ
(ϕ′)
L/L0
(ϕ−nτ)ϕ
−mσ
)
= φ
(ϕ)
L/K(σ)φ
(ϕ)
L/K(τ)
σ
by Theorem 5.6 of Fesenko in [8] and by the definition of the action of σ ∈
Gal(L/K) on φ
(ϕ)
L/K(τ) ∈ K
×/NL0/KL
×
0 ×U
⋄
eX(L/K)/UX(L/K) defined by eq. (2.7).
Now, we immediately have the following result.
Corollary 2.5. Define a law of composition ∗ on im(φ
(ϕ)
L/K) by
(a, U) ∗ (b, V ) = (a.b, U.V
(φ
(ϕ′)
L/L0
)−1(U)
), (2.9)
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for (a, U), (b, V ) ∈ im(φ
(ϕ)
L/K), where a = a.NL0/KL
×
0 , b = b.NL0/KL
×
0 ∈
K×/NL0/KL
×
0 with a, b ∈ K
× and for U = U.UX(L/K), V = V.UX(L/K) ∈
U⋄eX(L/K)/UX(L/K) with U, V ∈ U
⋄
eX(L/K). Then im(φ
(ϕ)
L/K) is a topological group
under ∗, and the map φ
(ϕ)
L/K induces an isomorphism of topological groups
φ
(ϕ)
L/K : Gal(L/K)
∼
−→ im(φ
(ϕ)
L/K), (2.10)
where the topological group structure on im(φ
(ϕ)
L/K) is defined with respect to the
binary operation ∗ defined by eq. (2.9).
Recall that, for an infinite APF -Galois extension L/K and for every −1 ≤
u ∈ R, the uth higher ramification subgroup Gal(L/K)u of Gal(L/K) in lower
numbering is defined by
Gal(L/K)u = Gal(L/K)
ϕL/K(u),
where the number −1 ≤ ϕL/K(u) ∈ R is defined by eq. (3.1) in [8] and as usual
the ϕL/K(u)
th higher ramification subgroup Gal(L/K)ϕL/K(u) of Gal(L/K) in
upper numbering by the projective limit Gal(L/K)ϕL/K(u) = lim
←−
K⊆F⊂L
Gal(F/K)ϕL/K(u)
defined by eq.s (2.1) and (2.2) in [8]. Now, let E/K be a Galois sub-extension
of L/K. Then, for any chain of field extensions
finite Gal.︷ ︸︸ ︷
K ⊆ F︸ ︷︷ ︸
finite Gal.
⊆ F ′ ⊂ L, the square
Gal(F ′/K)ϕL/K(u)
tF
′
F ′∩E
(ϕL/K(u))
//
tF
′
F (ϕL/K(u))

Gal(F ′ ∩E/K)ϕL/K(u)
tF
′∩E
F∩E (ϕL/K(u))

Gal(F/K)ϕL/K(u)
tFF∩E(ϕL/K(u))
// Gal(F ∩ E/K)ϕL/K(u)
(2.11)
is commutative. Thus, passing to the projective limits, there exists a continuous
group homomorphism
tLE(ϕL/K(u)) = lim←−
K⊆F⊂L
tFF∩E(ϕL/K(u)) : Gal(L/K)
ϕL/K(u) → Gal(E/K)ϕL/K(u),
(2.12)
which is essentially the restriction morphism from L to E. This morphism is a
surjection, as the objects in the respective projective systems are compact and
Hausdorff. Furthermore, the following square
Gal(L/K)
rLE
// Gal(E/K)
Gal(L/K)ϕL/K(u)
tLE(ϕL/K(u))
//
inc.
OO
Gal(E/K)ϕL/K(u)
inc.
OO
Gal(L/K)ϕL/K(u
′)
tLE(ϕL/K(u
′))
//
inc.
OO
Gal(E/K)ϕL/K(u
′)
inc.
OO
(2.13)
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is commutative for every pair u, u′ ∈ R≥−1 satisfying u ≤ u′. Here, the arrow
rLE : Gal(L/K) → Gal(E/K) denotes the restriction map. Therefore, immedi-
ately, we have the following result.
Lemma 2.6. For 0 ≤ u ∈ R, the topological isomorphism defined by eq.s (2.1)
and (2.2) induces a topological isomorphism
Gal(L/K)u ≃ Gal(L0/K)
ϕL/K(u)︸ ︷︷ ︸
〈idL0〉
×Gal(L/L0)
ϕL/K(u) (2.14)
defined by
σ 7→
(
tLL0(ϕL/K(u))(σ), ϕ
−mσ
)
= (idL0 , σ), (2.15)
for every σ ∈ Gal(L/K)u with σ |L0= t
L
L0
(ϕL/K(u))(σ) = ϕ
m |L0 for some
0 ≤ m ∈ Z satisfying d | m.
Proof. Note that, Gal(L0/K)
ϕL/K(u), for 0 ≤ u ∈ R, is the trivial group <
idL0 >, as L0/K is a finite unramified extension. Thus, for σ ∈ Gal(L/K)u, by
the commutativity of the diagram (2.13),
tLL0(ϕL/K(u))(σ) = σ |L0= idL0 ,
and in return
σ 7→
(
idL0 , ϕ
−mσ
)
= (idL0 , σ),
where σ |L0= idL0 = ϕ
m |L0 for some 0 ≤ m ∈ Z satisfying d | m. As L is
fixed by ϕd, ϕ−mσ = σ, thus (idL0 , ϕ
−mσ) = (idL0 , σ). Now, the injectivity of
the morphism given by eq. (2.14) and defined by eq. (2.15) is clear from the
commutative square eq. (2.13) and by the injectivity of the arrow given by eq.
(2.1) and defined by eq. (2.2). Thus it suffices to prove that this morphism is a
surjection, which follows from the triviality of Gal(L0/K)
ϕL/K(u) for 0 ≤ u ∈ R,
and from the equality Gal(L/K)u = Gal(L/L0)
ϕL/K(u).
Now, L/L0 is an APF -Galois sub-extension of L/K by part (i) of Lemma 3.3
in [8]. Let ϕL/L0 : R≥−1 → R≥−1 be the Hasse-Herbrand function corresponding
to the APF -extension L/L0 defined by eq. (3.1) in [8], which is piecewise-linear
and continuous. So there exists a unique number w = w(u, L/K) ∈ R≥−1,
depending on u, satisfying ϕL/K(u) = ϕL/L0(w) and
Gal(L/L0)
ϕL/K(u) = Gal(L/L0)
ϕL/L0(w) = Gal(L/L0)w.
Thus, Lemma 2.6 can be reformulated as follows. The topological isomorphism
defined by eq.s (2.1) and (2.2) induces a topological isomorphism
Gal(L/K)u ≃ 〈idL0〉 ×Gal(L/L0)w(u,L/K),
for every 0 ≤ u ∈ R.
For each 0 ≤ i ∈ R, consider the ith higher unit group U ieX(L/K) of the field
X˜(L/K), and define the group(
U⋄eX(L/K)
)i
= U⋄eX(L/K) ∩ U
i
eX(L/K). (2.16)
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Now, Fesenko ramification theorem, stated as Theorem 5.8 in [8], has the follow-
ing generalization for the generalized arrow φ
(ϕ)
L/K corresponding to the extension
L/K, which is an infinite APF -Galois sub-extension of Kϕd/K with residue-
class degree [κL : κK ] = d.
Theorem 2.7 (Ramification theorem). For 0 ≤ u ∈ R, let Gal(L/K)u de-
note the uth higher ramification subgroup in the lower numbering of the Galois
group Gal(L/K) corresponding to the infinite APF -Galois sub-extension L/K
of Kϕd/K with residue-class degree [κL : κK ] = d. Then, for 0 ≤ n ∈ Z, there
exists the inclusion
φ
(ϕ)
L/K
(
Gal(L/K)ψL/K◦ϕL/L0(n) −Gal(L/K)ψL/K◦ϕL/L0(n+1)
)
⊆〈
1K×/NL0/KL
×
0
〉
×
((
U⋄eX(L/K)
)n
UX(L/K)/UX(L/K) −
(
U⋄eX(L/K)
)n+1
UX(L/K)/UX(L/K)
)
.
Proof. Now, we start with the following general observation. Let 0 ≤ u ∈ R. Let
τ ∈ Gal(L/K)u = Gal(L/L0)ϕL/K(u). Then, by the definition of the generalized
arrow φ
(ϕ)
L/K reformulated as in Remark 2.3,
φ
(ϕ)
L/K(τ) =
(
πmK .NL0/KL
×
0 , φ
(ϕ′)
L/L0
(ϕ−mτ)
)
,
where τ |L0= ϕ
m |L0 , for some 0 ≤ m ∈ Z satisfying d | m, as τ ∈ Gal(L/K)u
and τ |L0= t
L
L0
(ϕL/K(u))(τ) ∈ Gal(L0/K)
ϕL/K(u) = 〈idL0〉. Thus,
φ
(ϕ)
L/K(τ) =
(
1K×/NL0/KL
×
0
, φ
(ϕ′)
L/L0
(ϕ−mτ)
)
,
as m = dm′ and thereby πdm
′
K NL0/KL
×
0 = NL0/KL
×
0 = 1K×/NL0/KL
×
0
, since
NL0/Kπ
m′
K = π
m
K . Therefore,
φ
(ϕ)
L/K(τ) =
(
1K×/NL0/KL
×
0
, φ
(ϕ′)
L/L0
(τ)
)
,
since ϕ−mτ = τ in Gal(L/L0), as d | m, and L ⊂ Kϕd .
Now, to prove the theorem, let u = ψL/K ◦ ϕL/L0(n) and u
′ = ψL/K ◦
ϕL/L0(n + 1). Then, for any τ ∈ Gal(L/K)u − Gal(L/K)u′ , it follows from
Fesenko ramification theorem (cf. Theorem 5.8 in [8]) that the second coordinate
of φ
(ϕ)
L/K(τ) satisfies
φ
(ϕ′)
L/L0
(τ) ∈
(
U⋄eX(L/K)
)n
UX(L/K)/UX(L/K) −
(
U⋄eX(L/K)
)n+1
UX(L/K)/UX(L/K),
since
Gal(L/K)u = Gal(L/L0)
ϕL/K(u) = Gal(L/L0)
ϕL/L0(n) = Gal(L/L0)n
and likewise
Gal(L/K)u′ = Gal(L/L0)
ϕL/K(u
′) = Gal(L/L0)
ϕL/L0(n+1) = Gal(L/L0)n+1,
which completes the proof.
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Now, letM/K be an infinite Galois sub-extension of L/K. Thus, by Lemma
3.3 of [8], M is an APF -Galois extension over K. We further assume that, the
residue-class degree [κM : κK ] = d
′ and K ⊂M ⊂ Kϕd′ for some d
′ | d. Let
φ
(ϕ)
M/K : Gal(M/K)→ K
×/NM0/KM
×
0 × U
⋄
eX(M/K)/UX(M/K)
be the corresponding generalized arrow defined for the extension M/K. Here,
M0 is defined by M0 =M ∩Knr = Knrd′ .
Now, let
K ⊂ Lo = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ L
be an ascending chain satisfying L =
⋃
0≤i∈ZEi and [Ei+1 : Ei] < ∞ for every
0 ≤ i ∈ Z. Then
K ⊂Mo = Eo ∩M ⊆ E1 ∩M ⊆ · · · ⊆ Ei ∩M ⊆ · · · ⊂M
is an ascending chain of field extensions satisfying the conditionsM =
⋃
0≤i∈Z(Ei∩
M) and also [Ei+1 ∩M : Ei ∩M ] < ∞ for every 0 ≤ i ∈ Z. Thus, we con-
struct X(M/K) by the sequence (Ei ∩M)0≤i∈Z and X˜(M/K) by the sequence
(E˜i ∩M)0≤i∈Z. Note that, Ei ∩M 6= Ei for every 0 ≤ i ∈ Z. Furthermore, the
commutative square
E˜×i
Q
0≤ℓf(L/M)(ϕ
d′)ℓ eNEi/Ei∩M

E˜×i′
eNE
i′
/Ei
oo
Q
0≤ℓf(L/M)(ϕ
d′)ℓ eNE
i′
/E
i′
∩M

E˜i ∩M
×
E˜i′ ∩M
×
eNE
i′
∩M/Ei∩M
oo
for every pair 0 ≤ i, i′ ∈ Z satisfying i ≤ i′, induces the group homomorphism
N˜L/M = lim←−
0≤i∈Z
 ∏
0≤ℓf(L/M)
(ϕd
′
)ℓN˜Ei/Ei∩M
 : X˜(L/K)× → X˜(M/K)×
(2.17)
defined by
N˜L/M
(
(α eEi)0≤i∈Z
)
=
 ∏
0≤ℓf(L/M)
(ϕd
′
)ℓN˜Ei/Ei∩M (α eEi)

0≤i∈Z
, (2.18)
for every (α eEi)0≤i∈Z ∈ X˜(L/K)
×.
Remark 2.8. The group homomorphism
N˜L/M : X˜(L/K)
× → X˜(M/K)×
defined by eq.s (2.17) and (2.18) does not depend on the choice of the ascending
chain
K ⊂ Lo = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ L
satisfying L =
⋃
0≤i∈ZEi and [Ei+1 : Ei] <∞ for every 0 ≤ i ∈ Z.
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Remark 2.9. For 0 ≤ i ∈ Z, let E
(Ei∩M)
i,0 = Ei ∩ (Ei ∩M)
nr be the maximal
unramified extension of Ei ∩M inside Ei. To simplify the notation, let Ei,0 =
Ei ∩ (Ei ∩M)nr. Then the Galois group Gal(Ei,0/Ei ∩M) is cyclic of order
f(L/M) = dd′ generated by ϕ
d′ . Thus, for α ∈ Ei,
NEi/Ei∩M (α) = N˜Ei/Ei∩M (α)
1+ϕd
′
+···+ϕd
′(f(L/M)−1)
.
The basic properties of this group homomorphism are the following.
(i) If U = (u eEi)0≤i∈Z ∈ UeX(L/K), then N˜L/M (U) ∈ UeX(M/K).
Proof. In fact, following the definition of the valuation νeX(M/K) of X˜(M/K)
and the definition of the valuation νeX(L/K) of X˜(L/K), it follows that
νeX(M/K)
(
N˜L/M (U)
)
= νeX(M/K)
 ∏
0≤ℓf(L/M)
(ϕd
′
)ℓN˜Ei/Ei∩M (u eEi)

0≤i∈Z

= ν eK
 ∏
0≤ℓf(L/M)
(ϕd
′
)ℓ(u eK)

=
∑
0≤ℓf(L/M)
ν eK
(
(ϕd
′
)ℓ(u eK)
)
=
∑
0≤ℓf(L/M)
ν eK(u eK)
= 0,
as ν eK
(
(ϕd
′
)ℓ(u eK)
)
= ν eK(u eK) for ℓ = 1, · · · , f(L/M)− 1, and
νeX(L/K)(U) = ν eK(u eK) = 0,
since U ∈ UeX(L/K).
(ii) If U = (u eEi)0≤i∈Z ∈ U
⋄
eX(L/K), then N˜L/M (U) ∈ U
⋄
eX(M/K).
Proof. Note that, L˜0 = K˜ and M˜0 = K˜. Now, the assertion follows by
observing that
Pr eK(U) = u eK ∈ UL0
and
Pr eK
(
N˜L/M (U)
)
=
∏
0≤ℓf(L/M)
(ϕd
′
)ℓN˜Eo/Eo∩M (u eEo)
=
∏
0≤ℓf(L/M)
(ϕd
′
)ℓu eK
= NEo/Eo∩M (u eK) ∈ UM0 .
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(iii) If U = (uEi)0≤i∈Z ∈ UX(L/K), then N˜L/M (U) ∈ UX(M/K).
Proof. The assertion follows by the definition eq. (2.18) of the homomor-
phism eq. (2.17) combined with the fact that N˜Ei/Ei∩M (uEi)
1+ϕd
′
+···+ϕd
′(f(L/M)−1)
=
NEi/Ei∩M (uEi) for every uEi ∈ UEi and for every 0 ≤ i ∈ Z by Remark
2.9.
Note that, N˜Ei/Ei−1
(
α1+ϕ
d′+···+ϕd
′(f−1)
)
= N˜Ei/Ei−1 (α)
1+ϕd
′
+···+ϕd
′(f−1)
, for
any α ∈ E˜i with 1 ≤ i ∈ Z, where f = f(L/M). Thus, there exists a homomor-
phism
〈ϕ〉L/M : X˜(L/L0)
× → X˜(L/L0)
× (2.19)
defined by
〈ϕ〉L/M :
(
α eEi
)
0≤i∈Z
7→
(
α1+ϕ
d′+···+ϕd
′(f−1)
eEi
)
0≤i∈Z
, (2.20)
for every
(
α eEi
)
0≤i∈Z
∈ X˜(L/L0)×. The basic properties of this group homo-
morphism are the following.
(i) 〈ϕ〉L/M
(
UeX(L/L0)
)
⊆ UeX(L/L0).
Proof. In fact, following the definition of the valuation νeX(L/L0) of X˜(L/L0),
it follows that
νeX(L/L0)
(
〈ϕ〉L/M (U)
)
= νeX(L/L0)
(
u1+ϕ
d′+···+ϕd
′(f(L/M)−1)
eEi
)
0≤i∈Z
= ν eK
(
u1+ϕ
d′+···+ϕd
′(f(L/M)−1)
eK
)
=
∑
0≤ℓf(L/M)
ν eK
(
(ϕd
′
)ℓ(u eK)
)
=
∑
0≤ℓf(L/M)
ν eK(u eK)
= 0,
as ν eK
(
(ϕd
′
)ℓ(u eK)
)
= ν eK(u eK) for ℓ = 1, · · · , f(L/M)− 1, and
νeX(L/K)(U) = ν eK(u eK) = 0,
since U ∈ UeX(L/K).
(ii) 〈ϕ〉L/M
(
U⋄eX(L/L0)
)
⊆ U⋄eX(L/L0).
Proof. Note that, L˜0 = K˜. Now, the assertion follows by observing that
Pr eK(U) = u eK ∈ UL0
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and
Pr eK
(
〈ϕ〉L/M (U)
)
= u1+ϕ
d′+···+ϕd
′(f(L/M)−1)
eK
=
∏
0≤ℓf(L/M)
(ϕd
′
)ℓu eK
= NEo/Eo∩M (u eK) ∈ UM0 ⊆ UL0.
(iii) 〈ϕ〉L/M
(
UX(L/L0)
)
⊆ UX(L/L0).
Proof. Clearly, for U = (uEi)0≤i∈Z ∈ UX(L/Lo),
〈ϕ〉L/M (U) = (u
1+ϕd
′
+···+ϕd
′(f(L/M)−1)
Ei
)0≤i∈Z ∈ UX(L/Lo),
as uEi ∈ UEi for every 0 ≤ i ∈ Z.
Thus, there exists a group homomorphism
N˜L/M ◦ 〈ϕ〉L/M : X˜(L/K)
× → X˜(M/K)× (2.21)
satisfying
(i) N˜L/M ◦ 〈ϕ〉L/M
(
UeX(L/K)
)
⊆ UeX(M/K);
(ii) N˜L/M ◦ 〈ϕ〉L/M
(
U⋄eX(L/K)
)
⊆ U⋄eX(M/K);
(iii) N˜L/M ◦ 〈ϕ〉L/M
(
UX(L/K)
)
⊆ UX(M/K).
Now, define the Coleman norm map
N˜ColemanL/M : U
⋄
eX(L/K)/UX(L/K) → U
⋄
eX(M/K)/UX(M/K) (2.22)
from L to M by
N˜ColemanL/M (U) = N˜L/M ◦ 〈ϕ〉L/M (U).UX(M/K), (2.23)
for every U ∈ U⋄eX(L/K), where U denotes, as before, the coset U.UX(L/K) in
U⋄eX(L/K)/UX(L/K).
Lemma 2.10. For an infinite Galois sub-extension M/K of L/K such that the
residue-class degree [κM : κK ] = d
′ and K ⊂ M ⊂ Kϕd′ for some d
′ | d, the
square
Gal(L/L0)
φ
(ϕd)
L/L0
//
resM

U⋄eX(L/L0)/UX(L/L0)
eNColemanL/M

Gal(M/M0)
φ
(ϕd
′
)
M/M0
// U⋄eX(M/M0)/UX(M/M0),
(2.24)
where the right-vertical arrow is the Coleman norm map N˜ColemanL/M from L to
M defined by eq.s (2.22) and (2.23), is commutative.
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Proof. For σ ∈ Gal(L/L0), resM (σ) = σ |M∈ Gal(M/M0), as L0 ∩M = L ∩
Knr ∩ M = M ∩ Knr = M0. Now, for any σ ∈ Gal(L/L0), following the
definition φ
(ϕd)
L/L0
(σ) = Uσ.UX(L/L0), where Uσ ∈ U
⋄
eX(L/L0) satisfies the equation
U1−ϕ
d
σ = Π
σ−1
ϕd;L/L0
. Thus, to prove the commutativity of the square, it suffices
to prove that
N˜L/M (U
1+ϕd
′
+···+ϕd
′(f(L/M)−1)
σ ) ≡ Uσ|M (mod UX(M/M0)),
where Uσ|M ∈ U
⋄
eX(M/M0) satisfies the equation U
1−ϕd
′
σ|M
= Π
σ|M−1
ϕd′ ;M/M0
. Now,
without loss of generality, in view of Remark 2.8, fix a basic sequence (cf. [8])
L0 = E0 ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ L,
where
(i) L =
⋃
0≤i∈ZEi;
(ii) Ei/L0 is a Galois extension for every 0 ≤ i ∈ Z;
(iii) Ei+1/Ei is cyclic of prime degree [Ei+1 : Ei] = p = char(κL0) for each
1 ≤ i ∈ Z;
(iv) E1/E0 is cyclic of degree relatively prime to p.
Thus, each extension Ei/L0 is finite and Galois for 0 ≤ i ∈ Z. Now, note that
N˜L/M (U
1+ϕd
′
+···+ϕd
′(f(L/M)−1)
σ )
1−ϕd
′
= N˜L/M (Uσ)
1−ϕd = N˜L/M (U
1−ϕd
σ ).
As U1−ϕ
d
σ = Π
σ−1
ϕd;L/L0
, setting Uσ = (u eEi)0≤i∈Z, for 0 ≤ i ∈ Z,
N˜L/M (U
1+ϕd
′
+···+ϕd
′(f(L/M)−1)
σ )
1−ϕd
′
i = N˜L/M
(
Πσ−1
ϕd;L/L0
)
i
= N˜Ei/Ei∩M (π
σ−1
Ei
)1+ϕ
d′+···+ϕd
′(f(L/M)−1)
= NEi/Ei∩M (π
σ−1
Ei
)
= π
σ|M−1
Ei∩M
.
Now, it follows that, N˜L/M ◦ 〈ϕ〉L/M (Uσ)
1−ϕd
′
= Π
σ|M−1
ϕd′ ;M/M0
, which yields the
congruence N˜L/M ◦〈ϕ〉L/M (Uσ) ≡ Uσ|M (mod UX(M/M0)) completing the proof.
So, we have the following theorem.
Theorem 2.11. For an infinite Galois sub-extension M/K of L/K such that
the residue-class degree [κM : κK ] = d
′ and K ⊂M ⊂ Kϕd′ for some d
′ | d, the
square
Gal(L/K)
φ
(ϕ)
L/K
//
resM

K×/NL0/KL
×
0 × U
⋄
eX(L/K)/UX(L/K)
(eCFTL0/M0 ,
eNColemanL/M )

Gal(M/K)
φ
(ϕ)
M/K
// K×/NM0/KM
×
0 × U
⋄
eX(M/K)/UX(M/K),
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where the right-vertical arrow
K×/NL0/KL
×
0 ×U
⋄
eX(L/K)/UX(L/K)
(eCFTL0/M0 ,
eNColemanL/M )
−−−−−−−−−−−−→ K×/NM0/KM
×
0 ×U
⋄
eX(M/K)/UX(M/K)
defined by (
eCFTL0/M0 , N˜
Coleman
L/M
)
: (a, U) 7→
(
eCFTL0/M0(a), N˜
Coleman
L/M (U)
)
for every (a, U) ∈ K×/NL0/KL
×
0 × U
⋄
eX(L/K)/UX(L/K), is commutative. Here,
eCFTL0/M0 : K
×/NL0/KL
×
0 → K
×/NM0/KM
×
0
is the natural inclusion defined via the existence theorem of local class field
theory.
Proof. By the isomorphism defined by eq.s (2.1) and (2.2), for σ ∈ Gal(L/K),
there exists a unique 0 ≤ m ∈ Z such that σ |L0= ϕ
m and ϕ−mσ ∈ Gal(L/L0).
Now, following the definition,
φ
(ϕ)
L/K(σ) =
(
πmKNL0/KL
×
0 , φ
(ϕd)
L/L0
(ϕ−mσ)
)
.
Thus, (
eCFTL0/M0 , N˜
Coleman
L/M
)(
πmKNL0/KL
×
0 , φ
(ϕd)
L/L0
(ϕ−mσ)
)
=(
eCFTL0/M0(π
m
KNL0/KL
×
0 ), N˜
Coleman
L/M (φ
(ϕd)
L/L0
(ϕ−mσ))
)
=(
πmKNM0/KM
×
0 , φ
(ϕd
′
)
M/M0
(ϕ−mσ |M )
)
by Lemma 2.10. Note that, by the existence theorem of local class field theory,
eCFTL0/M0(π
m
KNL0/KL
×
0 ) = π
m
KNM0/KM
×
0 = π
m′
K NM0/KM
×
0 ,
where 0 ≤ m′ ∈ Z is the unique integer satisfying (σ |M ) |M0= σ |M0= ϕ
m′ and
ϕ−m
′
(σ |M ) ∈ Gal(M/M0). Hence,(
eCFTL0/M0 , N˜
Coleman
L/M
)
(φ
(ϕ)
L/K(σ)) =
(
πm
′
K NM0/KM
×
0 , φ
(ϕd
′
)
M/M0
(ϕ−mσ |M )
)
=
(
πm
′
K NM0/KM
×
0 , φ
(ϕd
′
)
M/M0
(ϕ−m
′
(σ |M ))
)
= φ
(ϕ)
M/K(resM (σ))
by Remark 2.2 part (i), which completes the proof.
Now, let F/K be a finite sub-extension of L/K. Thus, L/F is an infinite
APF -Galois extension (cf. Lemma 3.3 of [8]). Fix a Lubin-Tate splitting ϕF
over F . Now, assume that the residue-class degree [κL : κF ] = d
′, for some
d′ | d, and there exists the chain of field extensions
F ⊂ L ⊂ F(ϕF )d′ .
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Thus, there exists the generalized arrow
φ
(ϕF )
L/F : Gal(L/F )→ F
×/N
L
(F )
0 /F
L
(F )
0
×
× U⋄eX(L/F )/UX(L/F )
corresponding to the extension L/F . Here, L
(F )
0 is defined as usual by L
(F )
0 =
L ∩ Fnr = Fnrd′ . Note that, there is the following diagram of field extensions.
L
L
(F )
0
totally-ramified
zz
zz
zz
zz [L(F )0 :F ]<∞
??
??
??
??
L
(K)
0
[L
(K)
0 :K]<∞ F
FF
FF
FF
F
F
[F :K]<∞
||
||
||
||
|
K
Thus, L/L
(F )
0 and L/L
(K)
0 are infinite totally-ramified APF -Galois extensions,
by Lemma 3.3 of [8], and satisfy L
(F )
0 ⊂ L ⊂
(
L
(F )
0
)
ϕd
′
F
and L
(K)
0 ⊂ L ⊂(
L
(K)
0
)
ϕdK
.
Remark 2.12. Note that L
(F )
0 is compatible with (L
(K)
0 , ϕL(K)0
), in the sense of
[10] pp. 89, where ϕ
L
(K)
0
= ϕdK . Thus, ϕL(F )0
= ϕd
′
F = ϕ
f(L
(F )
0 /L
(K)
0 )
L
(K)
0
= ϕdK , as
L
(F )
0 /L
(K)
0 is totally-ramified.
For the extension L/L
(F )
0 , fix an ascending chain
L
(F )
0 = Fo ⊂ F1 ⊂ · · · ⊂ Fi ⊂ · · · ⊂ L
satisfying L =
⋃
0≤i∈Z Fi and [Fi+1 : Fi] < ∞ for every 0 ≤ i ∈ Z. Following
[8], introduce the homomorphism
ΛF/K : X˜(L/L
(F )
0 )
× → X˜(L/L
(K)
0 )
× (2.25)
by
ΛF/K : (αF0
eNF1/F0←−−−−− αF1
eNF2/F1←−−−−− · · · ) 7→
(N˜
L
(F )
0 /L
(K)
0
(αF0)
eN
L
(F )
0
/L
(K)
0←−−−−−−−− αF0
eNF1/F←−−−− αF1
eNF2/F1←−−−−− · · · ), (2.26)
for each (αFi)0≤i∈Z ∈ X˜(L/L
(F )
0 )
×. This homomorphism induces a group ho-
momorphism
λF/K : U
⋄
eX(L/L(F )0 )
/UX(L/L(F)0 )
→ U⋄eX(L/L(K)0 )
/UX(L/L(K)0 )
(2.27)
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defined by
λF/K : U 7→ ΛF/K(U).UX(L/L(K)0 )
, (2.28)
for every U ∈ U⋄eX(L/L(F )0 )
, where U denotes the coset U.UX(L/L(F)0 )
in U⋄eX(L/L(F)0 )
/UX(L/L(F)0 )
(for details cf. [8]).
Lemma 2.13. Let F/K be a finite sub-extension of L/K. Fix a Lubin-Tate
splitting ϕF over F . Assume that the residue-class degree [κL : κF ] = d
′ and
F ⊂ L ⊂ F(ϕF )d′ for some d
′ | d. Then the square
Gal(L/L
(F )
0 )
φ
(ϕdK )
L/L
(F )
0
//
inc.

U⋄eX(L/L(F )0 )
/UX(L/L(F)0 )
λF/K

Gal(L/L
(K)
0 )
φ
(ϕdK )
L/L
(K)
0
// U⋄eX(L/L(K)0 )
/UX(L/L(K)0 )
,
(2.29)
where the right-vertical arrow
λF/K : U
⋄
eX(L/L(F )0 )
/UX(L/L(F)0 )
→ U⋄eX(L/L(K)0 )
/UX(L/L(K)0 )
is defined by eq.s (2.27) and (2.28), is commutative.
Proof. Look at the proof of Theorem 5.12 of [8].
So, we have the following theorem.
Theorem 2.14. Let F/K be a finite sub-extension of L/K. Fix a Lubin-Tate
splitting ϕF over F . Assume that the residue-class degree [κL : κF ] = d
′ and
F ⊂ L ⊂ F(ϕF )d′ for some d
′ | d. Then the square
Gal(L/F )
φ
(ϕF )
L/F
//
inc.

F×/N
L
(F)
0 /F
L
(F )
0
×
× U⋄eX(L/F )/UX(L/F )
(NF/K ,λF/K)

Gal(L/K)
φ
(ϕK )
L/K
// K×/N
L
(K)
0 /K
L
(K)
0
×
× U⋄eX(L/K)/UX(L/K),
(2.30)
where the right-vertical arrow
(NF/K , λF/K) : F
×/N
L
(F )
0 /F
L
(F )
0
×
× U⋄eX(L/F )/UX(L/F ) →
K×/N
L
(K)
0 /K
L
(K)
0
×
× U⋄eX(L/K)/UX(L/K)
defined by
(NF/K , λF/K) : (a, U) 7→
(
NF/K(a), λF/K(U)
)
,
for every (a, U) ∈ F×/N
L
(F )
0 /F
L
(F )
0
×
× U⋄eX(L/F )/UX(L/F ), is commutative.
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Proof. Let σ ∈ Gal(L/F ). There exists 0 ≤ m ∈ Z such that σ |
L
(F )
0
= ϕmF and
ϕ−mF σ ∈ Gal(L/L
(F )
0 ). Now,
φ
(ϕF )
L/F (σ) =
(
πmF .NL(F )0 /F
L
(F )
0
×
, φ
(ϕdK)
L/L
(F )
0
(ϕ−mF σ)
)
and
(NF/K , λF/K)(φ
(ϕF )
L/F (σ)) =
(
πmK .NL(K)0 /K
L
(K)
0
×
, φ
(ϕdK)
L/L
(K)
0
(ϕ−mF σ)
)
by the norm-compatibility of primes in the fixed Lubin-Tate labelling and by
Lemma 2.13. Now, there exists 0 ≤ m′ ∈ Z such that σ |
L
(K)
0
= ϕm
′
K and ϕ
−m′
K σ ∈
Gal(L/L
(K)
0 ). By Remark 2.2 part (ii), it follows that ϕ
m
F |L(K)0
= ϕm
′
K and
ϕ−mF σ = ϕ
−m′
K σ. By abelian local class field theory, NF/K : π
m
F NL(F )0 /F
L
(F )
0
×
7→
πm
′
K NL(K)0 /K
L
(K)
0
×
= πmK .NL(K)0 /K
L
(K)
0
×
. Thus,
(NF/K , λF/K)(φ
(ϕF )
L/F (σ)) =
(
πmK .NL(K)0 /K
L
(K)
0
×
, φ
(ϕdK)
L/L
(K)
0
(ϕ−mF σ)
)
=
(
πm
′
K .NL(K)0 /K
L
(K)
0
×
, φ
(ϕdK)
L/L
(K)
0
(ϕ−m
′
K σ)
)
= φ
(ϕK)
L/K (σ),
which completes the proof.
Let L/K be any APF -Galois sub-extension of Kϕd/K, where the residue-
class degree is d. In case L/K is assumed to be a finite extension, the K˜-
coordinate of the generalized arrow φ
(ϕ)
L/K : Gal(L/K) → K
×/NL0/KL
×
0 ×
U⋄eX(L/K)/UX(L/K) is the Iwasawa-Neukirch map ιL/K of L/K (for details on
Iwasawa-Neukirch map ιL/K of the Galois extension L/K, cf. Section 1 of [8]).
More precisely, we have the following proposition.
Proposition 2.15. Define a homomorphism
ρ : K×/NL0/KL
×
0 × U
⋄
eX(L/K)/UX(L/K) → K
×/NL/KL
× (2.31)
by
ρ : (πmK , (u eE)) 7→ π
m
KNL0/K(ueL0) mod NL/KL
×, (2.32)
for every (πmK , (u eE)) ∈ K
×/NL0/KL
×
0 × U
⋄
eX(L/K)/UX(L/K). Then the composite
map
Gal(L/K)
φ
(ϕ)
L/K
//
ρ◦φ
(ϕ)
L/K
=ιL/K
''
K×/NL0/KL
×
0 × U
⋄
eX(L/K)/UX(L/K)
ρ
// K×/NL/KL
×
(2.33)
is the Iwasawa-Neukirch map ιL/K : Gal(L/K)→ K
×/NL/KL
× of L/K.
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Proof. Let us briefly recall, following Section 1 of [8], the construction of the
Iwasawa-Neukirch map
ιL/K : Gal(L/K)→ K
×/NL/KL
×
for the Galois extension L/K. For each σ ∈ Gal(L/K), choose σ∗ ∈ Gal(Lnr/K)
in such a way that:
(i) σ∗ |L= σ;
(ii) σ∗ |Knr= ϕn, for some 0 < n ∈ Z.
Let Σσ∗ be the fixed-field (L
nr)σ
∗
of σ∗ ∈ Gal(Lnr/K) in Lnr. It is well-known
that [Σσ∗ : K] < ∞. Now, the map ιL/K : Gal(L/K) → K
×/NL/KL
× is
defined by ιL/K(σ) = NΣσ∗/K(πΣσ∗ ) mod NL/KL
×, for σ ∈ Gal(L/K), where
πΣσ∗ denotes any prime element of Σσ∗ . Thus, for a finite APF -Galois extension
L/K satisfying [κL : κK ] = d and K ⊂ L ⊂ Kϕd , it suffices to prove that, for
σ ∈ Gal(L/K),
ρ ◦ φ
(ϕ)
L/K(σ) = ιL/K(σ) = NΣσ∗/K(πΣσ∗ ) mod NL/KL
×,
where πΣσ∗ denotes any prime element of Σσ∗ . Now, for σ ∈ Gal(L/K), there
exists 0 ≤ m ∈ Z such that σ |L0= ϕ
m and τ = ϕ−mσ ∈ Gal(L/L0). Thus,
σ = ϕmτ .
Case 1: m > 0. In this case, it suffices to prove that
πmKNL0/K
(
PreL0(φ
(ϕd)
L/L0
(ϕ−mσ))
)
= NΣσ∗/K(πΣσ∗ ) mod NL/KL
×,
where πΣσ∗ denotes any prime element of Σσ∗ . To prove this equality,
choose σ∗ ∈ Gal(Lnr/K) such that
(i) σ∗ |L= σ;
(ii) σ∗ |Knr= ϕ
m.
In fact, let σ∗ = ϕm |Lnr τ
∗, where τ∗ ∈ Gal(Lnr/L0) is defined uniquely
by the conditions τ∗ |L= τ and τ∗ |Knr= idKnr , as Lnr = LKnr. Note
that, for Σ = Σσ∗ , Σ0 = Σ ∩ Knr is a finite extension of degree [Σ0 :
K] = m over K, as Σ0 = (K
nr)ϕ
m
, the fixed field of ϕm ∈ Gal(Knr/K)
in Knr. As L is fixed by ϕd, T = L ∩ Kϕ is an unramified extension of
degree d. Thus, the prime element πT is a prime element of L and of L
nr.
Now, choose a prime element πΣ of Σ. It is well-known that Σ
nr = Lnr
(cf. Section 2 in Chapter 4 of [4]). Thus, πΣ is a prime element of L
nr.
So, there exists a unit v ∈ Lnr ⊂ L˜, such that πΣ = πT v. Note that,
πσ
∗−1
Σ = 1 as Σ is fixed by σ
∗. Thus, (πT v)
σ∗−1 = 1 and we get the
equalities
πσ−1T = v
1−σ∗ = v1−ϕ
mτ∗ = v1−τ
∗
v(1−ϕ
m)τ∗ .
Recall that (by Proposition 1.8 of Chapter IV of [4] or by 1.1 of [10]), UeL
is multiplicatively (1 − ϕm)-divisible. So, there exists w ∈ UeL such that
w1−ϕ
m
= v. Hence,
πσ−1T = (w
1−τ∗vτ
∗
)1−ϕ
m
,
19
as ϕmτ∗ = τ∗ϕm. Now, choose z ∈ UeL as z = (w
1−τ∗vτ
∗
)1+ϕ+···+ϕ
m−1
.
Note that, this z ∈ UeL satisfies z
1−ϕ = πσ−1T . Clearly,
N˜L/K(z) = N˜L/K(v)
1+ϕ+···+ϕm−1 .
After this preliminary observations,
NΣ/K(πΣ) = NΣ0/K ◦NΣ/Σ0(πΣ)
= N˜L/K(πΣ)
1+ϕ+···+ϕm−1
= N˜L/K(πT v)
1+σ+···+σm−1
= πmK N˜L/K(v)
1+ϕ+···+ϕm−1
= πmK N˜L/K(z),
as πT belongs to the fixed Lubin-Tate labelling. Thus, the image of σ
under the Iwasawa-Neukirch map ιL/K is
ιL/K(σ) = π
m
K N˜L/K(z) mod NL/KL
×.
Now, let y ∈ UL such that
y1−ϕ
d
= πϕ
−mσ−1
T = π
σ−1
T .
Note that, T = L ∩Kϕ. Then, setting z = y1+ϕ+···+ϕ
d−1
∈ UL,
z1−ϕ = y1−ϕ
d
= πσ−1T .
Thus,
NL/K(y) = N˜L/K(y)
1+ϕ+···+ϕd−1 = N˜L/K(z),
which shows that
ιL/K(σ) = π
m
K N˜L/K(z) mod NL/KL
×
= πmKNL/K(y) mod NL/KL
×
= πmKNL0/K
(
N˜L/K(y)
)
mod NL/KL
×
= πmKNL0/K
(
PreL0(φ
(ϕd)
L/L0
(ϕ−mσ))
)
= ρ ◦φ
(ϕ)
L/K(σ),
completing the proof.
Case 2: m = 0. In this case, σ ∈ Gal(L/L0). Consider ϕdσ ∈ Gal(Lnr/K). Then
by the previous Case 1,
ιL/K(ϕ
dσ) = ρ ◦ φ
(ϕ)
L/K(ϕ
dσ),
where ιL/K(ϕ
dσ) = ιL/K(σ). Now, by Theorem 2.4,
φ
(ϕ)
L/K(ϕ
dσ) = φ
(ϕ)
L/K(ϕ
d)φ
(ϕ)
L/K(σ)
ϕd =
(
πdK .NL0/KL
×
0 , φ
(ϕd)
L/L0
(σ)
)
,
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where the last equality follows from the fact that K ⊂ L ⊂ Kϕd . Thus,
ρ◦φ
(ϕ)
L/K(σ) = ρ◦φ
(ϕ)
L/K(ϕ
dσ) = πdKNL0/K
(
PreL0(φ
(ϕd)
L/L0
(σ))
)
mod NL/KL
×,
which proves that
ιL/K(σ) = ρ ◦ φ
(ϕ)
L/K(σ),
completing the proof.
Now, we shall generalize the definition of the extended Hazewinkel map
H
(ϕ)
L/K : U
⋄
eX(L/K)/YL/K → Gal(L/K) of Fesenko (cf. [1, 2, 3] and [8]) initially
defined for totally-ramifiedAPF -Galois sub-extensions L/K ofKϕ/K to infinite
APF -Galois sub-extensions L/K of Kϕd/K, where [κL : κK ] = d.
In order to do so, we first have to assume that the local field K satisfies the
condition
µp(K
sep) = {α ∈ Ksep : αp = 1} ⊂ K, (2.34)
where p = char(κK). For details on the assumption (2.34) on K, we refer the
reader to [1, 2, 3].
Let L/K be an infinite APF -Galois extension with residue-class degree [κL :
κK ] = d and K ⊂ L ⊂ Kϕd . As usual, let L0 = L∩K
nr. Define the generalized
arrow
H
(ϕ)
L/K : K
×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0 → Gal(L/K) (2.35)
for the extension L/K by
H
(ϕ)
L/K
(
(πmKNL0/KL
×
0 , U.YL/L0)
)
= ϕm |L H
(ϕd)
L/L0
(U.YL/L0), (2.36)
for every m ∈ Z and U ∈ U⋄eX(L/K), where H
(ϕd)
L/L0
: U⋄eX(L/K)/YL/L0 → Gal(L/L0)
is the extended Hazewinkel map of Fesenko for the extension L/L0. For the
definition and basic properties of the group YL/L0, we refer the reader to [3] and
[8].
The following lemma is clear.
Lemma 2.16. Suppose that the local field K satisfies the condition given in
eq. (2.34). Let L/K be an infinite APF -Galois sub-extension of Kϕd/K, where
d = [κL : κK ]. Then the generalized arrow
H
(ϕ)
L/K : K
×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0 → Gal(L/K) (2.37)
for the extension L/K is a bijection.
Proof. The proof follows from the isomorphism Gal(L/K) ≃ Gal(L0/K) ×
Gal(L/L0) combined with the bijectivity ofH
(ϕd)
L/L0
: U⋄eX(L/K)/YL/L0 → Gal(L/L0)
(cf. Lemma 5.22 of [8]) and abelian local class field theory for the extension
L0/K.
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Now, consider the composition of arrows
Gal(L/K)
φ
(ϕ)
L/K
//
Φ
(ϕ)
L/K ))
K×/NL0/KL
×
0 × U
⋄
eX(L/K)/UX(L/K)
(id
K×/NL0/K
L
×
0
,cL/L0)

K×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0
(2.38)
where cL/L0 : U
⋄
eX(L/K)/UX(L/K) → U
⋄
eX(L/K)/YL/L0 is the canonical map defined
via the inclusion UX(L/K) ⊆ YL/L0 . Recall that (cf. eq. 5.35 of [8]), the compo-
sition cL/L0 ◦ φ
(ϕd)
L/L0
= Φ
(ϕd)
L/L0
: Gal(L/L0) → U⋄eX(L/K)/YL/L0 is the reciprocity
map of Fesenko for the extension L/L0. Now, let σ ∈ Gal(L/K). Let 0 ≤ m ∈ Z
such that σ |L0= ϕ
m |L0 and ϕ
−mσ ∈ Gal(L/L0). Then following the definition,
H
(ϕ)
L/K ◦Φ
(ϕ)
L/K(σ) =H
(ϕ)
L/K
(
πmK .NL0/KL
×
0 , cL/L0 ◦ φ
(ϕd)
L/L0
(ϕ−mσ)
)
=H
(ϕ)
L/K
(
πmK .NL0/KL
×
0 ,Φ
(ϕd)
L/L0
(ϕ−mσ)
)
= ϕm |L H
(ϕd)
L/L0
(
Φ
(ϕd)
L/L0
(ϕ−mσ)
)
= ϕm |L (ϕ
−mσ)
= σ,
by Lemma 5.23 of [8]. For 0 ≤ m ∈ Z and U ∈ U⋄eX(L/K), let (π
m
K .NL0/KL
×
0 , U.YL/L0) ∈
K×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0. Now, again following the definition,
Φ
(ϕ)
L/K ◦H
(ϕ)
L/K
(
(πmK .NL0/KL
×
0 , U.YL/L0)
)
= Φ
(ϕ)
L/K
(
ϕm |L H
(ϕd)
L/L0
(U.YL/L0)
)
= (idK×/NL0/KL
×
0
, cL/L0) ◦φ
(ϕ)
L/K
(
ϕm |L H
(ϕd)
L/L0
(U.YL/L0)
)
= (idK×/NL0/KL
×
0
, cL/L0)
(
πmK .NL0/KL
×
0 , φ
(ϕd)
L/L0
(H
(ϕd)
L/L0
(U.YL/L0)
)
=
(
πmK .NL0/KL
×
0 ,Φ
(ϕd)
L/L0
(H
(ϕd)
L/L0
(U.YL/L0)
)
=
(
πmK .NL0/KL
×
0 , U.YL/L0
)
,
by Lemma 5.23 of [8]. Thus, these computations yield
H
(ϕ)
L/K ◦Φ
(ϕ)
L/K = idGal(L/K) (2.39)
and
Φ
(ϕ)
L/K ◦H
(ϕ)
L/K = idK×/NL0/KL
×
0 ×U
⋄
eX(L/K)/YL/L0
. (2.40)
Note that, there is a natural continuous action of Gal(L/K) on the topolog-
ical group K×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0 defined by abelian local class field
theory on the first component and by eq. (5.7) and Lemma 5.20 of [8] on the
second component as
(a, U)σ =
(
aϕ
m
, U
ϕ−mσ
)
=
(
a, U
ϕ−mσ
)
, (2.41)
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for every σ ∈ Gal(L/K), where σ |L0= ϕ
m for some 0 ≤ m ∈ Z, and for every
a ∈ K× with a = a.NL0/KL
×
0 and U ∈ U
⋄
eX(L/K) with U = U.YL/L0 . We shall
always view K×/NL0/KL
×
0 ×U
⋄
eX(L/K)/YL/L0 as a topological Gal(L/K)-module
in this text.
So, we have the following theorem, which follows from Theorem 2.4, Lemma
2.16 and eq.s (2.39) and (2.40) combined with the fact that UX(L/K) is a topo-
logical Gal(L/L0)-submodule of YL/L0 .
Theorem 2.17. Suppose that the local field K satisfies the condition given in
eq. (2.34). Let L/K be an infinite APF -Galois sub-extension of Kϕd/K, where
d = [κL : κK ]. The mapping
Φ
(ϕ)
L/K : Gal(L/K)→ K
×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0
defined for the extension L/K is a bijection with the inverse
H
(ϕ)
L/K : K
×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0 → Gal(L/K).
For every σ, τ ∈ Gal(L/K),
Φ
(ϕ)
L/K(στ) = Φ
(ϕ)
L/K(σ)Φ
(ϕ)
L/K(τ)
σ (2.42)
co-cycle condition is satisfied.
By Corollary 2.5, Theorem 2.17 has the following consequence.
Corollary 2.18. Define a law of composition ∗ on K×/NL0/KL
×
0 ×U
⋄
eX(L/K)/YL/L0
by
(a, U) ∗ (b, V ) = (a, U).(b, V )(Φ
(ϕ)
L/K
)−1((a,U))
(2.43)
for every a = a.NL0/KL
×
0 , b = b.NL0/KL
×
0 ∈ K
×/NL0/KL
×
0 with a, b ∈ K
×
and U = U.YL/L0 , V = V.YL/L0 ∈ U
⋄
eX(L/K)/YL/L0 with U, V ∈ U
⋄
eX(L/K). Then
K×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0 is a topological group under ∗, and the map
Φ
(ϕ)
L/K induces an isomorphism of topological groups
Φ
(ϕ)
L/K : Gal(L/K)
∼
−→ K×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0, (2.44)
where the topological group structure on K×/NL0/KL
×
0 ×U
⋄
eX(L/K)/YL/L0 is de-
fined with respect to the binary operation ∗ defined by eq. (2.43).
Definition 2.19. Let K be a local field satisfying the condition given in eq.
(2.34). Let L/K be an infinite APF -Galois sub-extension of Kϕd/K, where
d = [κL : κK ]. The mapping
Φ
(ϕ)
L/K : Gal(L/K)→ K
×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0,
defined in Theorem 2.17, is called the generalized Fesenko reciprocity map for
the extension L/K.
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For each 0 ≤ i ∈ R, we have previously introduced the higher unit groups(
U⋄eX(L/K)
)i
of the field X˜(L/K) as in eq. (2.16). For each 0 ≤ n ∈ Z, as in eq.
5.42 of [8], let
QnL/L0 = cL/L0
((
U⋄eX(L/K)
)n
UX(L/K)/UX(L/K) ∩ im(φ
(ϕd)
L/L0
)
)
, (2.45)
which is a subgroup of
(
U⋄eX(L/K)
)n
YL/L0/YL/L0. Now, ramification theorem,
stated in Theorem 2.7, can be reformulated for the generalized reciprocity map
Φ
(ϕ)
L/K corresponding to the extension L/K as follows.
Theorem 2.20 (Ramification theorem). Let K be a local field satisfying the
condition given in eq. (2.34). For 0 ≤ u ∈ R, let Gal(L/K)u denote the
uth higher ramification subgroup in the lower numbering of the Galois group
Gal(L/K) corresponding to the infinite APF -Galois sub-extension L/K of Kϕd/K
with residue-class degree [κL : κK ] = d. Then, for 0 ≤ n ∈ Z, there exists the
inclusion
Φ
(ϕ)
L/K
(
Gal(L/K)ψL/K◦ϕL/L0(n) −Gal(L/K)ψL/K◦ϕL/L0(n+1)
)
⊆〈
1K×/NL0/KL
×
0
〉
×
((
U⋄eX(L/K)
)n
YL/L0/YL/L0 −Q
n+1
L/L0
)
.
Proof. Following the general observation made in the first paragarph of the proof
of Theorem 2.7, for 0 ≤ u ∈ R and for τ ∈ Gal(L/K)u = Gal(L/L0)
ϕL/K(u),
φ
(ϕ)
L/K(τ) =
(
1K×/NL0/KL
×
0
, φ
(ϕ′)
L/L0
(τ)
)
,
where ϕ′ = ϕd. Thus, following the definition,
Φ
(ϕ)
L/K(τ) =
(
1K×/NL0/KL
×
0
, cL/L0 ◦ φ
(ϕ′)
L/L0
(τ)
)
=
(
1K×/NL0/KL
×
0
,Φ
(ϕ′)
L/L0
(τ)
)
.
Now, to prove the theorem, let u = ψL/K ◦ϕL/L0(n) and u
′ = ψL/K ◦ϕL/L0(n+
1). Then, for any τ ∈ Gal(L/K)u−Gal(L/K)u′ , it follows from the ramification
theorem (cf. Theorem 5.27 in [8]) that the second coordinate of Φ
(ϕ)
L/K(τ) satisfies
Φ
(ϕ′)
L/L0
(τ) ∈
(
U⋄eX(L/K)
)n
YL/L0/YL/L0 −Q
n+1
L/L0
,
since
Gal(L/K)u = Gal(L/L0)
ϕL/K(u) = Gal(L/L0)
ϕL/L0(n) = Gal(L/L0)n
and likewise
Gal(L/K)u′ = Gal(L/L0)
ϕL/K(u
′) = Gal(L/L0)
ϕL/L0(n+1) = Gal(L/L0)n+1,
which completes the proof.
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Let K be a local field satisfying the condition given in eq. (2.34). Let M/K
be an infinite Galois sub-extension of L/K. Thus, by Lemma 3.3 of [8], M is
an APF -Galois extension over K. We further assume that, the residue-class
degree [κM : κK ] = d
′ and K ⊂M ⊂ Kϕd′ for some d
′ | d. Let
Φ
(ϕ)
M/K : Gal(M/K)→ K
×/NM0/KM
×
0 × U
⋄
eX(M/K)/YM/M0
be the corresponding generalized Fesenko reciprocity map defined for the exten-
sion M/K. Here, M0 is defined as usual by M0 =M ∩K
nr = Knrd′ . Now, fix a
basic sequence
Lo = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ L
for the extension L/L0. Now, following the notation of [3] and [8], introduce for
each 1 ≤ i ∈ Z, an element σi in Gal(L˜/K˜) such that 〈σ |Ei〉 = Gal(Ei/Ei−1).
Further, for each 1 ≤ k, i ∈ Z, introduce the map h
(L/Lo)
k :
∏
1≤i≤k U
σi−1
eEk
→(∏
1≤i≤k+1 U
σi−1
eEk+1
)
/U
σk+1−1
eEk+1
, the map g
(L/Lo)
k :
∏
1≤i≤k U
σi−1
eEk
→
∏
1≤i≤k+1 U
σi−1
eEk+1
and the map f
(L/Lo)
i : U
σi−1
eEi → UeX(L/Ei)
ΛEi/Eo−−−−−→ UeX(L/K) following [3] and [8].
Now, fix the sequence
Mo = Eo ∩M ⊆ E1 ∩M ⊆ · · · ⊆ Ei ∩M ⊆ · · · ⊆M
for the extension M/Mo. Define, for each 1 ≤ k ∈ Z, a homomorphism
h
(M/Mo)
k :
∏
1≤i≤k
U
σi|fM−1
E˜k∩M
→
 ∏
1≤i≤k+1
U
σi|fM−1
˜Ek+1∩M
 /Uσk+1|fM−1
˜Ek+1∩M
that satisfies ∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ek+1/Ek+1∩M
◦h(L/Lo)k = h(M/Mo)k ◦
 ∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ek/Ek∩M

and any map
g
(M/Mo)
k :
∏
1≤i≤k
U
σi|fM−1
E˜k∩M
→
∏
1≤i≤k+1
U
σi|fM−1
˜Ek+1∩M
that satisfies ∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ek+1/Ek+1∩M
◦g(L/Lo)k = g(M/Mo)k ◦
 ∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ek/Ek∩M

following the same lines of [3] and [8].
Now, for each 1 ≤ i ∈ Z, introduce the map
f
(M/Mo)
i : U
σi|fM−1
E˜i∩M
→ UeX(M/K)
by
f
(M/Mo)
i (w) = N˜L/M
(
f
(L/Lo)
i (v)
)
,
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where v ∈ Uσi−1eEi is any element satisfying
∏
0≤ℓ≤f(L/M)−1(ϕ
d′)ℓN˜Ei/Ei∩M (v) =
w ∈ U
σi|fM−1
E˜i∩M
. Note that, if v′ ∈ Uσi−1eEi such that
∏
0≤ℓ≤f(L/M)−1(ϕ
d′)ℓN˜Ei/Ei∩M (v
′) =
w, then N˜L/M
(
f
(L/Lo)
i (v)
)
= N˜L/M
(
f
(L/Lo)
i (v
′)
)
.
In fact, there exists u ∈ ker
(∏
0≤ℓ≤f(L/M)−1(ϕ
d′)ℓN˜Ei/Ei∩M
)
such that
v′ = vu. Thus, we have to verify that N˜L/M
(
f
(L/Lo)
i (v)
)
= N˜L/M
(
f
(L/Lo)
i (vu)
)
.
That is, for each 1 ≤ j ∈ Z, we have to check that∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ej/Ej∩M
(
Pr eEj (f
(L/Lo)
i (v))
)
=
∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ej/Ej∩M
(
Pr eEj (f
(L/Lo)
i (vu))
)
.
Now, for j > i, it follows that∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ej/Ej∩M
(
Pr eEj (f
(L/Lo)
i (v))
)
=
∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ej/Ej∩M
(
g
(L/Lo)
j−1 ◦ · · · ◦ g
(L/Lo)
i (v)
)
=
g
(M/Mo)
j−1 ◦ · · · ◦ g
(M/Mo)
i
 ∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ei/Ei∩M (v)
 =
g
(M/Mo)
j−1 ◦ · · · ◦ g
(M/Mo)
i
 ∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ei/Ei∩M (vu)
 =
∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ej/Ej∩M
(
g
(L/Lo)
j−1 ◦ · · · ◦ g
(L/Lo)
i (vu)
)
=
∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ej/Ej∩M
(
Pr eEj (f
(L/Lo)
i (vu))
)
.
Thus, the map
f
(M/Mo)
i : U
σi|fM−1
E˜i∩M
→ UeX(M/K)
is well-defined. Moreover, for j > i,
Pr
E˜j∩M
◦ f
(M/Mo)
i =
(
g
(M/Mo)
j−1 ◦ · · · ◦ g
(M/Mo)
i
)
|
U
σi|fM−1
E˜i∩M
.
In fact, for w ∈ U
σi|fM−1
E˜i∩M
, there exists v ∈ Uσi−1eEi such that
∏
0≤ℓ≤f(L/M)−1(ϕ
d′)ℓN˜Ei/Ei∩M (v) =
w, and f
(M/Mo)
i (w) = N˜L/M
(
f
(L/Lo)
i (v)
)
. That is, the following square
Uσi−1eEi
f
(L/Lo)
i
//
Q
0≤ℓ≤f(L/M)−1(ϕ
d′)ℓ eNEi/Ei∩M

UeX(L/K)
eNL/M

U
σi|fM−1
E˜i∩M
f
(M/Mo)
i
// UeX(M/K)
(2.46)
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is commutative. Thus,
Pr
E˜j∩M
◦ f
(M/Mo)
i (w) = PrE˜j∩M
◦ N˜L/M
(
f
(L/Lo)
i (v)
)
=
∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ej/Ej∩M
(
Pr eEj ◦ f
(L/Lo)
i (v)
)
=
∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ej/Ej∩M
(
(g
(L/Lo)
j−1 ◦ · · · ◦ g
(L/Lo)
i )(v)
)
=
(
g
(M/Mo)
j−1 ◦ · · · ◦ g
(M/Mo)
i
) ∏
0≤ℓ≤f(L/M)−1
(ϕd
′
)ℓN˜Ei/Ei∩M (v)
 ,
which is the desired equality.
Now, we shall modify Lemma 5.28 of [8] and show that the norm map
N˜L/M : X˜(L/K)
× → X˜(M/K)× introduced by eq.s (2.17) and (2.18) satisfies
the following lemma.
Lemma 2.21. The norm map N˜L/M : X˜(L/K)
× → X˜(M/K)× introduced by
eq.s (2.17) and (2.18) further satisfies
(i) N˜L/M
(
ZL/L0
(
{Ei, f
(L/Lo)
i }
))
⊆ ZM/M0
(
{Ei ∩M, f
(M/Mo)
i }
)
;
(ii) N˜L/M ◦ 〈ϕ〉L/M
(
YL/L0
)
⊆ YM/M0 .
Proof. (i) Recall that, N˜L/M : X˜(L/K)
× → X˜(M/K)× is a continuous map-
ping. Now, for any choice of z(i) ∈ im(f
(L/Lo)
i ), the continuity of the
multiplicative arrow N˜L/M : X˜(L/K)
× → X˜(M/K)× yields
N˜L/M
(∏
i
z(i)
)
=
∏
i
N˜L/M (z
(i)),
where N˜L/M (z
(i)) ∈ im(f
(M/Mo)
i ) by the commutative square (2.46).
(ii) For y ∈ YL/L0 , as y
1−ϕd ∈ ZL/L0, it follows that N˜L/M (y
1−ϕd) ∈ ZM/M0
by part (i). Now, note that
N˜L/M (y
1−ϕd) = N˜L/M (y)
1−ϕd =
(
N˜L/M (y)
1+ϕd
′
+···ϕd
′(f(L/M)−1)
)1−ϕd′
.
Therefore,
N˜L/M (y)
1+ϕd
′
+···ϕd
′(f(L/M)−1)
= N˜L/M ◦ 〈ϕ〉L/M (y) ∈ YM/M0
as desired.
The proof is now complete.
Thus, by part (ii) of Lemma 2.21, the homomorphism N˜L/M ◦ 〈ϕ〉L/M :
X˜(L/K)× → X˜(M/K)× induces a group homomorphism, which will again be
called the Coleman norm map from L to M ,
N˜ColemanL/M : U
⋄
eX(L/K)/YL/L0 → U
⋄
eX(M/K)/YM/M0 (2.47)
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and defined by
N˜ColemanL/M
(
U
)
= N˜L/M ◦ 〈ϕ〉L/M (U) .YM/M0 , (2.48)
for every U ∈ U⋄eX(L/K), where U denotes, as usual, the coset U.YL/L0 in U
⋄
eX(L/K)/YL/L0.
The following lemma is the finer version of Lemma 2.10.
Lemma 2.22. Let K be a local field satisfying the condition given in eq. (2.34).
For an infinite Galois sub-extension M/K of L/K such that the residue-class
degree [κM : κK ] = d
′ and K ⊂M ⊂ Kϕd′ for some d
′ | d, the square
Gal(L/L0)
Φ
(ϕd)
L/L0
//
resM

U⋄eX(L/L0)/YL/L0
eNColemanL/M

Gal(M/M0)
Φ
(ϕd
′
)
M/M0
// U⋄eX(M/M0)/YM/M0 ,
(2.49)
where the right-vertical arrow is the Coleman norm map N˜ColemanL/M from L to
M defined by eq.s (2.47) and (2.48), is commutative.
Proof. It suffices to prove that the square
U⋄eX(L/K)/UX(L/K)
cL/L0
//
eNColemanL/M

U⋄eX(L/K)/YL/L0
eNColemanL/M

U⋄eX(M/K)/UX(M/K)
cM/M0
// U⋄eX(M/K)/YM/M0
is commutative, which is obvious. Then pasting this square with the square eq.
(2.24) as
Gal(L/K)
φ
(ϕd)
L/L0
//
resM

U⋄eX(L/K)/UX(L/K)
cL/L0
//
eNColemanL/M

U⋄eX(L/K)/YL/K
eNColemanL/M

Gal(M/K)
φ
(ϕd
′
)
M/M0
// U⋄eX(M/K)/UX(M/K)
cM/M0
// U⋄eX(M/K)/YM/K
the commutativity of the square eq. (2.49) follows.
Thus, we have the following theorem, which is the finer version of Theorem
2.11.
Theorem 2.23. Let K be a local field satisfying the condition given in eq.
(2.34). For an infinite Galois sub-extension M/K of L/K such that the residue-
class degree [κM : κK ] = d
′ and K ⊂M ⊂ Kϕd′ for some d
′ | d, the square
Gal(L/K)
Φ
(ϕ)
L/K
//
resM

K×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0
(eCFTL0/M0 ,
eNColemanL/M )

Gal(M/K)
Φ
(ϕ)
M/K
// K×/NM0/KM
×
0 × U
⋄
eX(M/K)/YM/M0 ,
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where the right-vertical arrow
K×/NL0/KL
×
0 ×U
⋄
eX(L/K)/YL/L0
(eCFTL0/M0 ,
eNColemanL/M )
−−−−−−−−−−−−→ K×/NM0/KM
×
0 ×U
⋄
eX(M/K)/YM/M0
defined by (
eCFTL0/M0 , N˜
Coleman
L/M
)
: (a, U) 7→
(
eCFTL0/M0(a), N˜
Coleman
L/M (U)
)
for every (a, U) ∈ K×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0, is commutative. Here,
eCFTL0/M0 : K
×/NL0/KL
×
0 → K
×/NM0/KM
×
0
is the natural inclusion defined via the existence theorem of local class field
theory.
Proof. By the isomorphism defined by eq.s (2.1) and (2.2), for σ ∈ Gal(L/K),
there exists a unique 0 ≤ m ∈ Z such that σ |L0= ϕ
m and ϕ−mσ ∈ Gal(L/L0).
Now, following the definition,
Φ
(ϕ)
L/K(σ) =
(
πmKNL0/KL
×
0 ,Φ
(ϕd)
L/L0
(ϕ−mσ)
)
.
Thus, (
eCFTL0/M0 , N˜
Coleman
L/M
)(
πmKNL0/KL
×
0 ,Φ
(ϕd)
L/L0
(ϕ−mσ)
)
=(
eCFTL0/M0(π
m
KNL0/KL
×
0 ), N˜
Coleman
L/M (Φ
(ϕd)
L/L0
(ϕ−mσ))
)
=(
πmKNM0/KM
×
0 ,Φ
(ϕd
′
)
M/M0
(ϕ−mσ |M )
)
by Lemma 2.22. Note that, by the existence theorem of local class field theory,
eCFTL0/M0(π
m
KNL0/KL
×
0 ) = π
m
KNM0/KM
×
0 = π
m′
K NM0/KM
×
0 ,
where 0 ≤ m′ ∈ Z is the unique integer satisfying (σ |M ) |M0= σ |M0= ϕ
m′ and
ϕ−m
′
(σ |M ) ∈ Gal(M/M0). Hence,(
eCFTL0/M0 , N˜
Coleman
L/M
)
(Φ
(ϕ)
L/K(σ)) =
(
πm
′
K NM0/KM
×
0 ,Φ
(ϕd
′
)
M/M0
(ϕ−mσ |M )
)
=
(
πm
′
K NM0/KM
×
0 ,Φ
(ϕd
′
)
M/M0
(ϕ−m
′
(σ |M ))
)
= Φ
(ϕ)
M/K(resM (σ))
by Remark 2.2 part (i), which completes the proof.
Let K be a local field satisfying the condition given in eq. (2.34). Now, let
F/K be a finite sub-extension of L/K. Thus, L/F is an infinite APF -Galois
extension (cf. Lemma 3.3 of [8]), where F satisfies (2.34). Fix a Lubin-Tate
splitting ϕF over F . Now, assume that the residue-class degree [κL : κF ] = d
′,
for some d′ | d, and there exists the chain of field extensions
F ⊂ L ⊂ F(ϕF )d′ .
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Thus, there exists the generalized Fesenko reciprocity map
Φ
(ϕF )
L/F : Gal(L/F )→ F
×/N
L
(F )
0 /F
L
(F )
0
×
× U⋄eX(L/F )/YL/L(F)0
corresponding to the extension L/F . Here, L
(F )
0 is defined as usual by L
(F )
0 =
L ∩ Fnr = Fnrd′ (and recall that, L
(K)
0 = L ∩K
nr = Knrd ).
Now, fix a basic sequence
L
(K)
0 = Eo ⊂ E1 ⊂ · · · ⊂ Ei ⊂ · · · ⊂ L
for the extension L/L
(K)
0 . Following the notation of [3] and [8], introduce for
each 1 ≤ i ∈ Z, an element σi in Gal(L˜/K˜) such that 〈σ |Ei〉 = Gal(Ei/Ei−1).
Now, fix the sequence
L
(F )
0 = EoL
(F )
0 ⊆ E1L
(F )
0 ⊆ · · · ⊆ EiL
(F )
0 ⊆ · · · ⊆ LL
(F )
0 = L
for the extension L/L
(F )
0 following eq. (5.55) of [8]. Now, for 1 ≤ i ∈ Z,
introduce the elements σ∗i in Gal(L˜/F˜ ) that satisfies
< σ∗i |EiL(F )0
>= Gal(EiL
(F )
0 /Ei−1L
(F )
0 )
as follows :
(i) in case i > io, then define σ
∗
i = σi ;
(ii) in case i ≤ io, then define
σ∗i =
{
σi, Ei−1L
(F )
0 ⊂ EiL
(F )
0 ;
id
EiL
(F )
0
, Ei−1L
(F )
0 = EiL
(F )
0 ;
where io is defined as in the paragarph of eq. (5.55) of [8]. It is then clear that,
for each 1 ≤ i ∈ Z, the elements σ∗i of Gal(L˜/F˜ ) satisfies
< σ∗i |EiL(F )0
>= Gal(EiL
(F )
0 /Ei−1L
(F )
o ),
and for almost all i, σ∗i = σi. Further, for each 1 ≤ k, i ∈ Z, introduce
the map h
(L/L
(F )
0 )
k :
∏
1≤i≤k U
σ∗i−1
˜
EkL
(F )
0
→
(∏
1≤i≤k+1 U
σ∗i−1
˜
Ek+1L
(F )
0
)
/U
σ∗k+1−1
˜
Ek+1L
(F )
0
, the
map g
(L/L
(F)
0 )
k :
∏
1≤i≤k U
σ∗i−1
˜
EkL
(F )
0
→
∏
1≤i≤k+1 U
σ∗i−1
˜
Ek+1L
(F )
0
and the map f
(L/L
(F)
0 )
i :
U
σ∗i−1
˜
EiL
(F )
0
→ UeX(L/EiL(F )0 )
Λ
EiL
(F )
0
/L
(F )
0−−−−−−−−−→ UeX(L/F ) following [3] and [8]. Define, for
each 1 ≤ k ∈ Z, a homomorphism
h
(L/L
(K)
0 )
k :
∏
1≤i≤k
Uσi−1eEk →
 ∏
1≤i≤k+1
Uσi−1eEk+1
 /Uσk+1−1eEk+1
that satisfies
N˜∗
Ek+1L
(F )
0 /Ek+1
◦ h
(L/L
(F )
0 )
k = h
(L/L
(K)
0 )
k ◦ N˜EkL(F )0 /Ek
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and any map
g
(L/L
(K)
0 )
k :
∏
1≤i≤k
Uσi−1eEk →
∏
1≤i≤k+1
Uσi−1eEk+1
that satisfies
N˜
Ek+1L
(F )
0 /Ek+1
◦ g
(L/L
(F )
0 )
k = g
(L/L
(K)
0 )
k ◦ N˜EkL(F )0 /Ek
following the same lines of [3] and [8].
Now, for each 1 ≤ i ∈ Z, introduce the map
f
(L/L
(K)
0 )
i : U
σi−1
eEi → UeX(L/K)
by
f
(L/L
(K)
0 )
i (w) = ΛF/K
(
f
(L/L
(F )
0 )
i (v)
)
,
where v ∈ U
σ∗i−1
˜
EiL
(F )
0
is any element satisfying N˜
EiL
(F )
0 /Ei
(v) = w ∈ Uσi−1eEi . Note
that, if v′ ∈ U
σ∗i−1
E˜iL
(F )
0
such that N˜
EiL
(F )
0 /Ei
(v′) = w, then ΛF/K
(
f
(L/L
(F)
0 )
i (v)
)
=
ΛF/K
(
f
(L/L
(F)
0 )
i (v
′)
)
.
In fact, there exists u ∈ ker
(
N˜
EiL
(F )
0 /Ei
)
such that v′ = vu. Thus, we have
to verify that ΛF/K
(
f
(L/L
(F)
0 )
i (v)
)
= ΛF/K
(
f
(L/L
(F)
0 )
i (vu)
)
. That is, for each
1 ≤ j ∈ Z, we have to check that
Pr eEj
(
ΛF/K(f
(L/L
(F )
0 )
i (v))
)
= Pr eEj
(
ΛF/K(f
(L/L
(F )
0 )
i (vu))
)
. (2.50)
Now, for j > i, it follows that
Pr eEj
(
ΛF/K(f
(L/L
(F )
0 )
i (v))
)
= N˜
EjL
(F )
0 /Ej
(
Pr ˜
EjL
(F )
0
(
ΛF/K(f
(L/L
(F )
0 )
i (v))
))
= N˜
EjL
(F )
0 /Ej
(
Pr
E˜jL
(F )
0
(
f
(L/L
(F )
0 )
i (v)
))
= N˜
EjL
(F )
0 /Ej
(
g
(L/L
(F)
0 )
j−1 ◦ · · · ◦ g
(L/L
(F )
0 )
i (v)
)
= g
(L/L
(K)
0 )
j−1 ◦ · · · ◦ g
(L/L
(K)
0 )
i
(
N˜
EiL
(F )
0 /Ei
(v)
)
,
by the properties of the mappings g
(L/L
(F )
0 )
k and g
(L/L
(K)
0 )
k . Thus, eq. (2.50)
follows, as N˜
EiL
(F )
0 /Ei
(v) = N˜
EiL
(F )
0 /Ei
(vu). Therefore, the map
f
(L/L
(K)
0 )
i : U
σi−1
eEi → UeX(L/K)
is well-defined. Moreover, for j > i,
Pr eEj ◦ f
(L/L
(K)
0 )
i =
(
g
(L/L
(K)
0 )
j−1 ◦ · · · ◦ g
(L/L
(K)
0 )
i
)
|
U
σi−1
eEi
.
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In fact, for w ∈ Uσi−1eEi , there exists v ∈ U
σ∗i−1
˜
EiL
(F )
0
such that N˜
EiL
(F )
0 /Ei
(v) = w,
and f
(L/L
(K)
0 )
i (w) = ΛF/K
(
f
(L/L
(F )
0 )
i (v)
)
. That is, the following square
U
σ∗i−1
˜
EiL
(F )
0
f
(L/L
(F )
0 )
i
//
eN
EiL
(F )
0 /Ei

UeX(L/F )
ΛF/K

Uσi−1eEi
f
(L/L
(K)
0 )
i
// UeX(L/K)
(2.51)
is commutative. Thus,
Pr eEj ◦ f
(L/L
(K)
0 )
i (w) = Pr eEj ◦ ΛF/K
(
f
(L/L
(F )
0 )
i (v)
)
= N˜
EjL
(F )
0 /Ej
(
Pr ˜
EjL
(F )
0
◦ f
(L/L
(F )
0 )
i (v)
)
= N˜
EjL
(F )
0 /Ej
(
(g
(L/L
(F )
0 )
j−1 ◦ · · · ◦ g
(L/L
(F )
0 )
i )(v)
)
=
(
g
(L/L
(K)
0 )
j−1 ◦ · · · ◦ g
(L/L
(K)
0 )
i
)(
N˜
EiL
(F )
0 /Ei
(v)
)
,
by the properties of the mappings g
(L/L
(F)
0 )
k and g
(L/L
(K)
0 )
k , which is the desired
equality.
Now, we shall modify Lemma 5.30 of [8] and show that the homomorphism
ΛF/K : X˜(L/L
(F )
0 )
× → X˜(L/L
(K)
0 )
× introduced by eq.s (2.25) and (2.26) satis-
fies the following lemma.
Lemma 2.24. The continuous homomorphism ΛF/K : X˜(L/L
(F )
0 )
× → X˜(L/L
(K)
0 )
×
introduced by eq.s (2.25) and (2.26) further satisfies
(i) ΛF/K
(
Z
L/L
(F)
0
({KiF, f
(L/L
(F )
0 )
i })
)
⊆ Z
L/L
(K)
0
(
{Ki, f
(L/L
(K)
0 )
i }
)
;
(ii) ΛF/K(YL/L(F )0
) ⊆ Y
L/L
(K)
0
.
Proof. (i) For any choice of z(i) ∈ Z
(L/L
(F)
0 )
i , the continuity of the multiplica-
tive arrow ΛF/K : X˜(L/L
(F )
0 )
× → X˜(L/L
(K)
0 )
× yields
ΛF/K
(∏
i
z(i)
)
=
∏
i
ΛF/K(z
(i)),
where ΛF/K(z
(i)) ∈ Z
(L/L
(K)
0 )
i by the commutative square (2.51).
(ii) Now let y ∈ Y
L/L
(F )
0
. Then, y1−ϕ
d′
F ∈ Z
L/L
(F)
0
({KiF, f
(L/L
(F )
0 )
i }). Thus,
ΛF/K(y
1−ϕd
′
F ) = ΛF/K(y)
1−ϕd
′
F ∈ Z
L/L
(K)
0
(
{Ki, f
(L/L
(K)
0 )
i }
)
by part (i).
Now the result follows, as ϕd
′
F = ϕ
d
K by Remark 2.12.
32
Thus, the homomorphism ΛF/K : X˜(L/L
(F )
0 )
× → X˜(L/L
(K)
0 )
× of eq. (2.25)
defined by eq. (2.26) induces a group homomorphism,
λF/K : U
⋄
eX(L/L(F )0 )
/Y
L/L
(F)
0
→ U⋄eX(L/L(K)0 )
/Y
L/L
(K)
0
(2.52)
and defined by
λF/K(U) = ΛF/K(U).YL/L(K)0
, (2.53)
for every U ∈ U⋄eX(L/L(F )0 )
, where U denotes, as usual, the coset U.Y
L/L
(F )
0
in
U⋄eX(L/L(F)0 )
/Y
L/L
(F)
0
.
Let
Φ
(ϕF )
L/F : Gal(L/F )→ F
×/N
L
(F )
0 /F
L
(F )
0
×
× U⋄eX(L/L(F )0 )
/Y
L/L
(F)
0
be the corresponding generalized Fesenko reciprocity map defined for the exten-
sion L/F , where Y
L/L
(F )
0
= Y
L/L
(F )
0
(
{KiF, f
(L/L
(F )
0 )
i }
)
.
The following lemma is the finer version of Lemma 2.13.
Lemma 2.25. Let K be a local field satisfying the condition given in eq. (2.34).
Let F/K be a finite sub-extension of L/K. Fix a Lubin-Tate splitting ϕF over
F . Assume that the residue-class degree [κL : κF ] = d
′ and F ⊂ L ⊂ F(ϕF )d′
for some d′ | d. Then the square
Gal(L/L
(F )
0 )
Φ
(ϕdK )
L/L
(F )
0 //
inc.

U⋄eX(L/L(F)0 )
/Y
L/L
(F)
0
λF/K

Gal(L/L
(K)
0 )
Φ
(ϕdK )
L/L
(K)
0 // U⋄eX(L/L(K)0 )
/Y
L/L
(K)
0
,
(2.54)
where the right-vertical arrow
λF/K : U
⋄
eX(L/L(F )0 )
/Y
L/L
(F)
0
→ U⋄eX(L/L(K)0 )
/Y
L/L
(K)
0
is defined by eq.s (2.52) and (2.53), is commutative.
Proof. It suffices to prove that the square
U⋄eX(L/L(F )0 )
/UX(L/L(F)0 )
can.
//
λF/K

U⋄eX(L/L(F )0 )
/Y
L/L
(F)
0
λF/K

U⋄eX(L/L(K)0 )
/UX(L/L(K)0 )
can.
// U⋄eX(L/L(K)0 )
/Y
L/L
(K)
0
is commutative, which is obvious. Then pasting this square with the square eq.
(2.29) as
Gal(L/L
(F )
0 )
Φ
(ϕdK )
L/L
(F )
0
//
inc.

U⋄eX(L/L(F )0 )
/UX(L/L(F)0 )
can.
//
λL/F

U⋄eX(L/L(F )0 )
/Y
L/L
(F )
0
λL/F

Gal(L/L
(K)
0 )
Φ
(ϕdK )
L/L
(K)
0
// U⋄eX(L/L(K)0 )
/UX(L/L(K)0 )
can.
// U⋄eX(L/L(K)0 )
/Y
L/L
(K)
0
33
the commutativity of the square eq. (2.54) follows.
Thus, we have the following theorem, which is the finer version of Theorem
2.14.
Theorem 2.26. Let K be a local field satisfying the condition given in eq.
(2.34). Let F/K be a finite sub-extension of L/K. Fix a Lubin-Tate splitting
ϕF over F . Assume that the residue-class degree [κL : κF ] = d
′ and F ⊂ L ⊂
F(ϕF )d′ for some d
′ | d. Then the square
Gal(L/F )
Φ
(ϕF )
L/F
//
inc.

F×/N
L
(F )
0 /F
L
(F )
0
×
× U⋄eX(L/F )/YL/L(F)0
(NF/K ,λF/K)

Gal(L/K)
Φ
(ϕK )
L/K
// K×/N
L
(K)
0 /K
L
(K)
0
×
× U⋄eX(L/K)/YL/L(K)0
,
(2.55)
where the right-vertical arrow
(NF/K , λF/K) : F
×/N
L
(F )
0 /F
L
(F )
0
×
× U⋄eX(L/F )/YL/L(F)0
→
K×/N
L
(K)
0 /K
L
(K)
0
×
× U⋄eX(L/K)/YL/L(K)0
defined by
(NF/K , λF/K) : (a, U) 7→
(
NF/K(a), λF/K(U)
)
,
for every (a, U) ∈ F×/N
L
(F )
0 /F
L
(F )
0
×
× U⋄eX(L/F )/YL/L(F)0
, is commutative.
Proof. Let σ ∈ Gal(L/F ). There exists 0 ≤ m ∈ Z such that σ |
L
(F )
0
= ϕmF and
ϕ−mF σ ∈ Gal(L/L
(F )
0 ). Now,
Φ
(ϕF )
L/F (σ) =
(
πmF .NL(F )0 /F
L
(F )
0
×
,Φ
(ϕdK)
L/L
(F )
0
(ϕ−mF σ)
)
and
(NF/K , λF/K)(Φ
(ϕF )
L/F (σ)) =
(
πmK .NL(K)0 /K
L
(K)
0
×
,Φ
(ϕdK)
L/L
(K)
0
(ϕ−mF σ)
)
by the norm-compatibility of primes in the fixed Lubin-Tate labelling and by
Lemma 2.25. Now, there exists 0 ≤ m′ ∈ Z such that σ |
L
(K)
0
= ϕm
′
K and ϕ
−m′
K σ ∈
Gal(L/L
(K)
0 ). By Remark 2.2 part (ii), it follows that ϕ
m
F |L(K)0
= ϕm
′
K and
ϕ−mF σ = ϕ
−m′
K σ. By abelian local class field theory, NF/K : π
m
F NL(F )0 /F
L
(F )
0
×
7→
πm
′
K NL(K)0 /K
L
(K)
0
×
= πmK .NL(K)0 /K
L
(K)
0
×
. Thus,
(NF/K , λF/K)(Φ
(ϕF )
L/F (σ)) =
(
πmK .NL(K)0 /K
L
(K)
0
×
,Φ
(ϕdK)
L/L
(K)
0
(ϕ−mF σ)
)
=
(
πm
′
K .NL(K)0 /K
L
(K)
0
×
,Φ
(ϕdK)
L/L
(K)
0
(ϕ−m
′
K σ)
)
= Φ
(ϕK)
L/K (σ),
which completes the proof.
34
Finally, the inverseH
(ϕ)
L/K = (Φ
(ϕ)
L/K)
−1 of the generalized Fesenko reciprocity
map Φ
(ϕ)
L/K defined for the extension L/K is the generalization of the Hazewinkel
map for infinite APF -Galois sub-extensions L/K of Kϕd/K satisfying [κL :
κK ] = d and under the assumption that the local field K satisfies the condition
given by eq. (2.34). More precisely, we have the following proposition.
Proposition 2.27. The following square
K×/NL0/KL
×
0 × U
⋄
eX(L/K)/YL/L0
H
(ϕ)
L/K
//
(id
K×/NL0/K
L
×
0
,PrfK)

Gal(L/K)
mod Gal(L/K)
′

K×/NL0/KL
×
0 × UL0/NL/L0UL
hL/K
// Gal(L/K)ab
is commutative, where
hL/K : K
×/NL0/KL
×
0 × UL0/NL/L0UL → Gal(L/K)
ab
is the Hazewinkel map of L/K.
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